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ABSTRACT 
In this work, a method for calculation of pavement permanent deformation due to traffic 
loading is presented. The mechanics behavior of asphalt concrete layer is considered as 
Perzyna’s elasto-viscoplastic material. The pavement permanent deformation is incrementally 
calculated using nonlinear finite element method. Model parameters are determined using 
Hamburg Wheel Tracking Test result. 
Keyworks: pavement permanent deformation, rut depth prediction, elasto-viscoplastic model, 
finite deformation. 
1. INTRODUCTION 
Pavement permanent deformation (or rutting) is a common distress of pavement structure 
in Vietnam. The cause of this kind of distress is due to the fact that the asphalt concrete 
pavement does not completely recover its deformation under the action of repeated vehicle 
loading. With tropical climate in Vietnam, the temperature in asphalt concrete surface layer can 
reach more than 70 °C at hottest time of the day. This temperature exceeds softening point of 
most bitumen used and therefore facilitates rutting formation. 
Asphalt concrete is a material with viscous and plastic properties. When loading is applied 
and released, there exists an irreversible part of deformation called plastic deformation. After a 
certain number of load passes, plastic deformation is cumulated enough to create ruts on 
pavement surface, which cause difficulty with vehicles traveling on it. Prediction methods are 
necessary for pavement engineers to analyze the long-term behavior of pavement and select the 
suitable material based on analysis results. There are two groups of prediction methods, namely 
analytical and numerical methods.  
In the analytical methods, elasticity theory or finite element method is used for analyzing 
stress, strain distribution in pavement structure and analytical models are proposed to predict rut 
depth of pavement in function of stress or strain. Typical models are those developed by Shell in 
1978 and Asphalt Institute in 1982. It is assumed that rut depth is a function of normal stress in 
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Shell method, and therefore uniaxial creep test is used for evaluating stiffness of asphalt 
concrete. Base on creep test results, rut depth of the pavement structure is calculated as the 
summation of that caused by every sublayer. Rut depth is considered, however, as a function of 
vertical strain at top of base layer in Asphalt Institute method, which is widely inspired in the 
design standards, namely AASHTO [1], IRC: 37-2012 [2]. Model parameters used in these 
design codes are determined and calibrated by means of data measured on Test Track facilities, 
which depend strongly on traffic and weather conditions of host country. The methods 
mentioned above do not take into account the hardening effect of material and interaction 
between layers in the pavement structure. In VESYS method [3-4], irreversible deformation of a 
load pass is assumed proportional to elastic deformation and has its value decreasing with 
number of load passes as a result of hardening effect disregarding loading time of every load 
pass.  
Second methods relate to numerical methods modeling the behavior of pavement structure 
under repeated vehicle loading. Asphalt concrete is assumed viscoplasticity in Refs. [5 - 7] or 
elasto-viscoplasticity in Refs. [8 - 10] or, more complicated, viscoelasto-viscoplasticity in [11 - 
13]. Due to rearrangement of aggregates, permanent deformation rate decreases with time, and 
therefore hardening laws are added to material constitutive laws. In Ref. [9], the authors 
proposed that hardening modulus decreasing with number of load passes, whereas cumulative 
equivalent plastic strain is used in Refs. [8, 10] as a quantity to characterize the deformation 
state of material instead of either number of load passes or total loading time. None of models 
mentioned above takes into account large deformation effects. When rutting occurs, pavement 
structure undergoes rather large displacement; therefore, geometric nonlinearity must be 
considered in the formulation.  
The objectives of this study is to modify Perzyna’s elasto-viscoplastic model [14] for 
asphalt concrete material in large deformation conditions. The results of this work is used for 
stress, strain analysis of pavement structure and rut depth prediction. Specific objectives are 
those below 
- modification of Perzyna’s elasto-viscoplastic model using Drucker-Prager criteria 
for asphalt concrete material in large deformation conditions; implementation of 
proposed constitutive law in finite element method  
- application of Hamburg Wheel Tracking test results to predict flexible pavement 
permanent deformation 
- validation of method proposed on the basis of monitoring data of specific projects  
2. PERZYNA’S ELASTO-VISOPLASTIC MODEL 
Let Σ  denote second Piola-Kirchhoff stress tensor which describes stress state of a rigid 
body in equilibrium under exterior loads and effects. Unless otherwise stated, Einstein 
summation convention is used throughout and the sign “    ” denotes a tensor of second order. 
The local equilibrium equation of a solid body at any point is written by Eq. (1) 
 0Div fρΣ + =
 
 (1) 
where ρ  is density of body, f  is prescribed body force of unit mass and Div  operator is 
defined as ( )
i j
ijDiv
X
∂ΣΣ =
∂

. Let E  denote Green Lagrange strain tensor. Asphalt concrete 
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material deforms when loads are applied on it and recovers a part of its deformation when loads 
are released. One can therefore decompose strain tensor into elastic and viscoplastic strain 
tensors as follow 
 
e vp
E E E= +  (2) 
Stress - elastic strain relationship obeys Saint-Venant Kirchhoff’s law 
 
e
2 .
e
E trE Iµ λΣ = +       (3) 
where I
 
is second order tensor of unity; µ is shear modulus and λ is Lamé constant. 
Let decompose stress tensor into summation of deviatoric part S  and spherical part .p I  
Drucker-Prager plastic criteria 
Drucker-Prager plastic criteria is suitable for mechanical behavior of granular material like 
asphalt concrete and is characterized by cohesion and internal friction as in Eq. (4)  
 
1( ) : *. *. *
2
f S S p cη ξΣ = + −   (4) 
where c* is cohesion, *η  and *ξ  represent internal friction *ϕ  of material. In some cases, 
Drucker-Prager model is equivalent to Morh-Coulomb model as discussed in Refs. [15 - 16]. 
Plastic flow rule  
Plastic flow rate obeys the following flow rule 
 
vp gE γ ∂=
∂Σ
ɺ ɺ
           (5)
 
In Eq. (5), g function is potential plastic flow function and has the same form of f function  
 
1( ) : . .
2
g S S p constηΣ = + +       (6) 
where η  characterizes dilatant angle of material. The plastic flow rate in Perzyna’s model is 
defined by Eq. (7) 
 ( ). fγ ζ= Φ Σ  ɺ         (7)
 
where ζ is fluidity of material and function ( )fΦ Σ    represents plastic flow rate. For asphalt 
concrete, function ( )fΦ Σ    has the form of a power function  
 ( ) ( )( ) 1
* *
ff
c
ω
ξ
Σ 
Φ Σ = − 
 
  (8) 
where ω
 
is model parameter and Macaulay bracket •  is defined as 
2
• + •
• = . 
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Hardening law 
Under repeated loading, aggregates are rearranged; therefore the resistance to deformation 
of asphalt concrete increases with time. As a result, cumulative plastic strain rate decreases with 
the number of load passes. Park proposed in Ref. [8] that cohesion has its value decreasing with 
cumulative equivalent plastic strain, whereas Nedjar et al. proposed that viscosity increases with 
the number of load passes [10]. Inspired of idea in Ref. [10], fluidity ζ is assumed to decrease 
with cumulative equivalent plastic strain  vpe  
 
( ) 1
0 . 1 .
m
vpe
vpe e
α ζζ ζ β= + +   (9) 
where vpe is defined as
0
:
t vp vp
vpe E E dt= ∫ ɺ ɺ  and 0 1, , , ,mζ ζ α β  are model parameters.  
3. NUMERICAL RESOLUTION 
Equations of Perzyna’s elasto-viscoplastic model cannot be solved analytically and 
therefore need to be solved numerically. Return mapping algorithm is widely used for this kind 
of problem. Interested readers are referred to Refs. [16-17] for more detailed discussion. The 
numerical resolution of Eqs. [2-9] by means of return mapping algorithm is as follow.   
Applying Euler’s first order difference for discretising time derivative quantities, one has 
 
( ) ( ) ( ) ( ) 1n nd tdt −
•
∆ • = ∆ = • − •
  
where n is current time step and n-1 is previous time step, ( )∆ •  is difference of ( )•  between 
two time steps. For the sake of brevity, any quantity computed at current step will not be indexed 
by n, whereas any quantity related to the previous step will be distinguished by subscript n-1. 
Elastic prediction 
 1
e vp
trial nE E E −= −  (10)
 
 2 .
e e
trial trial trialE trE Iµ λΣ = +  (11)
 ( ) 1 : . . *2trial trial trialtrial trialf S S p cη ξΣ = + −  (12) 
- If ( ) 0trialtrialf Σ < , material is still on elastic domain, one has 
 1;    
vp vp
trial nE E −Σ = Σ =  (13)
 
 - Otherwise, material is on viscoplastic domain. One obtains from Eq. (11) 
 1 1 1
1 2
;    2
3 3
vp D vp vp
trial n n ntrialtrialp tr trE trE S E E trE I
µ
κ µ
− − −
   
= Σ = − = − +   
   
 (14)
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where ( )13DE E tr E= − and ( )( ) iitr A A=
 
is trace of tensor. 
Viscoplastic correction  
 
12 .
2 3
trial
S I I
S
η
µ γ λ γη
 
 Σ = Σ − ∆ + − ∆ 
 
 
 (15)
 
One can derive from Eq. (15) 
 
22 ;    . . . . .
3
trial trial trial
SS S p p p
S
µ γ µ η γ λ η γ κη γ = − ∆ = − ∆ + ∆ = − ∆ 
 
 (16) 
where 2
3
κ µ λ= +
 
is bulk modulus. Substituting Eq. (16) in Eqs. (4) and (7), one has a 
nonlinear equation for determining γ∆  
 1
*.
. ( ) 1
*. *
vp
n
S p
t e
c
ω
η
γ ζ ξ−
 +
 ∆ = ∆ − 
  
. (17) 
4. DETERMINATION OF MODEL PARAMETERS 
Model parameters in Eqs. (8 - 9) characterize the behavior of asphalt concrete material and 
can be determined by means of laboratory tests such as triaxial dynamic creep test. Due to the 
lack of dynamic creep test device, the author makes use of Hamburg Wheel Tracking Test [18 - 
19] results for back calculation of model parameters. The process of determination of model 
parameters is as follow. Hot mix asphalt was sampled and compacted into a rectangular slab 
with dimensions 320 mm × 260 mm × 60 mm by Roller Sector Compactor. After the asphalt 
concrete slab had been cured for one day, it was maintained in temperature chamber at 60 oC in 
air condition. Once the temperature reached stable value, the slab was applied by a rolling rubber 
wheel of 200 mm diameter and of 51 mm width. The rut depth of the slab surface was measured 
and recorded automatically during the test. When test had finished, one obtained data 
representing rut depth in relationship with number of load passes (crossings). The mechanics 
problems simulating the Hamburg Wheel Tracking test are solved with different ranges of input 
model parameters. The input parameters producing rut depth curve which fits well tested one are 
model parameters to be determined. Other materials like graded aggregates and foundation can 
be treated as elastic material of which elastic modulus and Poisson ratio can be determined by 
testing at laboratory or refering to current design guide [20].  
5. CALCULATION RESULTS 
This section presents the calculation results which are carried out on the basis of the 
previous formulation and compared with monitoring data for validation purpose. All numerical 
results have been obtained by a homemade finite element program developed under Intel Visual 
Fortran environment.  
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5.1. Modelling of Hamburg Wheel Tracking Test  
In this test, the wheel travels along the length of the slab in a straight line; therefore, one 
can consider that the slab is in plane strain conditions [6 - 7]. Due to symmetry, just a half of the 
problem is considered as shown in Fig. 1. The slab is made of dense graded modified asphalt 
concrete and is 320 mm long, 260 mm wide, 60 mm thick. The total vertical load applied by the 
rubber wheel to the sample is 710 N. The contact area spreads over an area of 51 mm × 20 mm 
and the average contact pressure is 0,7 MPa. Boundary conditions of the problem are as follow. 
Horizontal displacements are restrained for all nodes at the left side of the slab and those on the 
symmetric line. All nodes at the bottom of the slab are fixed for all displacements. 
Elastic modulus of asphalt concrete at 60 ºC is E = 200 MPa for C12.5 and E = 250 MPa 
for C19 and ν = 0,35. The cohesion, internal friction and dilatant angle are c* = 25 kPa, ϕ* = 28º 
and ψ∗ = 5º, respectively. One should be noted that (c*, ϕ*)  are different from classical (c, ϕ). 
Classical c and ϕ  characterize limit state at which structure is not yet unstable and are 
determined based on static tests like simple shear test and triaxial shear test, whereas c* and ϕ* 
characterize limit state at which behavior of structure is still elastic and must be determined 
based on dynamic tests like triaxial dynamic creep test. In this work, values of c* and ϕ* are 
back calculated from Hamburg Wheel Tracking test results. 
   
 Figure 1. Mechanics problem simulating   Figure 2. Rut depth in function of  
 Hamburg Wheel Tracking test. number of crossings. 
Loading time is the time the wheel takes to travels a distance of tire print length [6]. For a 
velocity of 1.1 km/h, loading time of a load pass is TL = 0.065 s. The rut depth curves calculated 
and tested of two materials (C12.5 and C19 produced with BMT modified asphalt) are shown in 
Fig. 2. The model parameters of these materials are determined and represented in Tab. 1. 
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Table 1. Model parameters of dense graded asphalt concretes.  
Material 
Model parameters 
ξ0 ξ1 α β m ω 
C12,5 2,5 × 10-3 1,75 × 10-5 39 39 1,5 1,0 
C19 3,0 × 10-3 1,50 × 10-5 45 45 1,5 1,0 
5.2. Application for predicting pavement permanent deformation  
In this section, model parameters determined above are used to predict the pavement 
permanent deformation of two specific projects in the South of Vietnam.  
5.2.1. Experimental project on National Road 1A 
An experimental project for BMT modified bitumen was performed at National Road 1A 
adjoined to “Hot mix asphalt recycling at plant” experimental project. The pavement structure of 
this project (Fig. 3) consists of two hot mix asphalt layers and a graded aggregate layer as 
described below  
- dense graded asphalt concrete layer C12.5 of thickness 5cm produced with BMT 
modified bitumen;  
- dense graded asphalt concrete C19 of thickness 7cm produced with BMT modified 
bitumen;  
- graded aggregates layer of thickness 50cm; of elastic modulus E = 250 Mpa; of  Poisson 
ratio ν = 0,3; 
- foundation of elastic modulus 50MPa, of Poisson ratio ν = 0,3. 
Applied load is 13-ton dual tire axle. Current technology tires are much more inflated than 
they were in the past. Tire pressure varies commonly from 0.8 to 1.0 MPa [21]; therefore, an 
average contact pressure of 0.9 MPa is chosen for calculation in this work. Due to symmetry, 
just a half of problem is considered. Figure 4 represents the dual tire print of a half of an axle. 
The length of print is 167 mm. Average vehicle velocity of 10 km/h is chosen for near 
intersection area and corresponding loading time is 0.06s. Standard calculating temperature is                   
60 oC.  
The program takes about 18 hours to complete the calculation. After one million of load 
passes, the total rut depth (including upheaval) predicted is 17.84 mm. Cross section at tire print 
position varied with number of load passes is shown in Fig. 5. 
    
  Figure 3. Pavement structure. Figure 4. Dual tire print dimension. 
33 kN 33 kN
220 mm 220 mm
100 mm
16
7 
m
m
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The pavement was monitored its deformation by surveying method after 1 month, 3 months 
and 6 months of exploitation. After 6 months, section laid with recycle hot mix asphalt deformed 
too much. The entire experimental project including several different sections was milled out for 
repaving; therefore monitoring data ended up after 6 months.  
In order to compare the predicted rut depth with the measured one, traffic volume 
circulating on the tested section was taken from the nearest tollgate and converted into number 
of Equivalent Single Axle Load (ESAL) by the method described in appendix A of design code 
22TCN 211-06 [20, p. 59]. In reality, pavement temperature is not a constant value but varies 
with time. Traffic volume at other temperature can be converted into standard temperature             
(60 oC) by mean of temperature factor as proposed in [22]. At the time of monitoring, there were 
three lanes in one direction of travel. The outermost lane reserved to cars and light trucks, the 
inner one reserved to heavy trucks and the last one for motors and bicycles. Based on statistics, 
the number of ESALs travelling on the heavy truck lane (monitoring lane) was 140.000 
ESALs/lane/month. 
Total rut depth curves predicted and measured are shown in Fig. 6. Total rut depth 
measured is 20.0 mm after 840.000 ESALs (or 06 months of exploitation) and the predicted 
value is 16.74 mm. The difference between the predicted and measured values is 16.3 %.   
  
Figure 5. Cross section at tire print position. Vertical scale is amplified 1000 times. 
5.2.2. East-West Highway Reparation Project 
The pavement of East-West Highway - Ho Chi Minh City has exhibited severe rutting 
distress due to very high traffic volume moving in and out of Cat Lai port. The pavement was 
repaired with both asphalt and cement concrete materials on October 2014. For the sections 
repaired with asphalt concrete, the pavement structure consists of several layers as described 
below 
- dense graded asphalt concrete layer C19 of thickness 5cm produced with polymer modified 
bitumen of grade three (PMB3); 
- dense graded asphalt concrete layer C19 of thickness 7 cm produced with PMB3; 
- pavement base of equivalent elastic modulus E = 160 Mpa;  
Model parameters of dense graded asphalt concrete C19 produced with PMB3 are
3
0 5,0 10ξ −= × , 61 5,0 10ξ −= × , 46,5α β= = , 1,55m = and  = 1,0ω . 
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The predicted zone is at the intersection of East-West Highway and Dong Van Cong Street; 
therefore, traffic velocity has lower value than that in the previous example, namely 5 km/h. 
Other calculating conditions are the same as those in the previous example. Traffic volume 
is taken from Xa Lo Ha Noi tollgate data and converted into number of Equivalent Single Axle 
Load (ESAL) by means of the method described in appendix A of design code 22TCN 211-06 
[20, p. 59].  
There are two separate heavy truck lanes in one direction of travel on East-West Highway. 
Based on statistics, the number of ESALs travelling on two heavy truck lanes (monitoring lanes) 
is 274.000 ESALs/month, i.e. 137.000ESALs/lane/month. The pavement was monitored its 
deformation after 1.5 months, 2.5 months and 3.5 months by straight edge as described in 
standard ASTM E1703 with a density of one section/30 m. Total rut depth curves predicted and 
measured are shown in Fig. 7 in which total rut depth measured is 8.2 mm after 479.500 ESALs 
(or 3.5 months of exploitation) and the predicted value is 9.4 mm. The differences between the 
predicted and measured values is less than 14.6 %. 
5.2.3. Conclusion 
As can be seen from the examples above, rut depth values predicted by proposed method fit 
relatively well those measured on the field. The differences between the predicted and observed 
values are less than 16.3 %. Because of many random factors such as pavement temperature, 
distribution of traffic flow over time as well as errors in terms of geometry and material, this 
level of accuracy can be accepted.  
 
 
 
Figure 6. Total rut depth predicted and 
measured. Experimental project on National Road 1A. 
The project was  performed as extension of “Hot mix 
asphalt recycling at plant” project - A project of 
Institute of Transport Science and Technology and 
BMT Investment Construction Joint Stock Company. 
Figure 7. Total rut depth predicted and 
measured.  East-West Highway Reparation 
Project. 
6. CONCLUSIONS 
Perzyna’s elasto-viscoplastic model using Drucker-Prager criteria was modified for 
calculating flexible pavement permanent deformation in large deformation conditions. The main 
key of the method proposed is that Hamburg Wheel Tracking test results are used for 
determining material constants and predicting rut depth of pavement. Most of factors causing 
rutting are explicitly taken into account in the calculation, namely ESAL, tire inflatable pressure 
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and traffic velocity, whereas the influence of temperature factor on the calculation results is 
hidden on model parameters determined from laboratory test results.  
The formulation proposed is illustrated and validated by means of specific examples of 
calculation. The first example is dedicated to back calculating model parameters while the last 
two examples simulate behavior of real pavement structure. The prediction of pavement 
permanent deformation with proposed method reaches acceptable level of accuracy.    
The program does not takes long time to finish calculation, approximately 12-24 hours for a 
pavement problem. Therefore, one can predict quickly the behavior of a pavement after millions 
of load passes and the allowable number of ESALs. This contributes to the assessing of material 
usability depending on different exploitation condition of every project.  
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Bài viết này trình bày một phương pháp tính toán biến dạng vĩnh cửu của kết cấu áo đường 
mềm dưới tác dụng trùng phục của tải trọng xe cộ. Ứng xử cơ học của lớp mặt đường mềm được 
mô tả bằng quy luật đàn hồi–dẻo–nhớt của Perzyna. Biến dạng vĩnh cửu của kết cấu áo đường 
được tính toán tuần tự sử dụng phương pháp phần tữ hữu hạn phi tuyến. Các thông số của mô 
hình được xác định dựa vào thí nghiệm độ sâu vệt hằn bánh xe Hamburg Wheel Tracking. 
Từ khóa: biến dạng vĩnh cửu, dự tính độ sâu vệt hằn bánh xe, mô hình đàn hồi–dẻo–nhớt, biến 
dạng lớn.  
